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Decentralized Short-Term Voltage Control
in Active Power Distribution Systems
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Fushuan Wen, Weijia Liu, and Xiaolei Wang

Abstract—With increasing utilizations of distributed energy
resources and smart energy apparatuses, power distribution sys-
tems are undergoing a transition from passive to active networks,
which challenges distribution system operators in many aspects of
energy management and system control. In this paper, a short-
term control strategy for active power distribution systems is
proposed to regulate voltages into statutory ranges. The voltage
control strategy is modeled as a convex optimization problem
by applying a second-order cone relaxation. After the network
decomposition, the alternating direction method of multipliers is
employed to solve the established optimization model in a decen-
tralized mode. Finally, the IEEE 33-bus and 123-bus test systems
are employed to demonstrate the performance of the proposed
voltage control strategy in active power distribution systems.

Index Terms—Active power distribution system, decentralized
optimization, hierarchical control framework, second-order cone
programming.

I. INTRODUCTION

RENEWABLE energy-based distributed generations and
storage units are commonly termed as distributed energy

resources (DERs). Currently, the increasing penetration of
DERs, the implementation of smart distribution technologies
such as advanced metering/monitoring infrastructure, and the
adoption of smart appliances are major driving forces for
a transition to active power distribution systems (APDS) [1].
The frequent variations in DER power outputs could have neg-
ative impacts on the APDS voltage profile, especially for the
situations with high resistance-to-reactance ratios in distribu-
tion lines [2]. Therefore, voltage control is a vital issue in
implementing effective coordination of DERs for enhancing
the power quality in APDS.
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Hierarchical voltage control strategies are widely adopted in
power system operation [3]. More specifically, the primary-
level control provides fast control actions to handle local
voltage perturbations; the secondary-level control coordinates
reactive power regulators to improve regional voltage levels;
the tertiary-level defines voltage set-points by determining the
optimal power flow in APDS [4], [5]. However, higher pen-
etrations of DERs impose great challenges on distribution
system operators (DSO) to maintain voltages within prede-
fined ranges. In this regard, DERs seldom provide voltage
support mainly because DSOs normally operate them with
fixed power factors which limit the DER integration into
APDS [6]. Typical voltage control measures such as on-load
tap changing, voltage regulation and shunt capacitor adjust-
ment are effective in mitigating slow (e.g., hourly) violations.
However, the lifetime of these mechanical devices would be
substantially reduced if they are manipulated frequently to
offset voltage violations resulting from quick (e.g., minutes)
DER power productions [7], [8]. Thus, DSOs could consider
DER potentials for mitigating frequent voltage violations,
and this represents a unique feature of voltage control in
APDS. However, the implementation of a wide variety of
control devices and state-of-the-art strategies make voltage
control more complex, corresponding to a larger optimization
problem [9].

The voltage control problem in APDS has been addressed
in some existing publications. Reference [10] offers com-
prehensive guidelines for DG inverters to participate in the
coordinated voltage and reactive power control. Reference [2]
proposed a method to enhance the DER utilization for
voltage control. A two-stage robust optimization model is
proposed in [11] for reactive power optimization which coor-
dinates discrete and continuous reactive power compensators
to avoid any voltage violations in variable wind power output.
Reference [12] developed a centralized control scheme based
on model predictive control to correct voltages out of assigned
ranges by solving a multi-step quadratic programming prob-
lem. Reference [13] introduced an iterative heuristic algorithm
to improve the performance of multi-phase distribution net-
works by properly placing and sizing DERs and capacitors.
The cited publications employ a centralized mode.

The traditional voltage control model was not considered
in a convex programming problem, due to nonconvex power
flow equations, of which the global optimal solution was dif-
ficult to attain. The nonconvex equations can however be
relaxed, convexified by the cone relaxation technique, and
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transformed into a second-order cone (SOC) form [14]–[18].
Reference [15] showed that the conic relaxation usually offers
a small gap with the original power flow solution in most
distribution systems. Besides, the conic relaxation technique
is widely used in the existing literature. For example, the
reactive power control is formulated as an optimal power
flow problem in [17] and applied to the resulting nonconvex
problem using the SOC relaxation under sufficient conditions.
Compared with [17], [18] gives less restrictive and sufficient
conditions under which the SOC relaxation is exact. Different
from the previous works, our proposed model in this paper is
amenable for a distributed system implementation.

Conventionally, distribution systems are centrally controlled
by DSO. However, for geographically dispersed DERs, cen-
tralized approaches require significant investments for the
implementation of control centers and relevant communication
infrastructures. Moreover, the data storage in DSO carries the
risk of leaking users’ privacy, let alone the unavoidable sin-
gle point of failure [19]. Thus, it is desirable to coordinate
DERs and controllable loads in a distributed way. Advances in
microprocessor chip designs have made the decentralized con-
trol quite feasible. More importantly, the distributed method
can greatly reduce the calculation time compared with the
centralized manner.

There are numerous publications on the distributed opti-
mization and control of power systems. For example, the
work in [20] provides a distributed control scheme to guaran-
tee all photovoltaic (PV) systems to run at the same output
ratio. Reference [21] proposes a decentralized method of
voltage control which uses the self-information without any
external communication. Distributed primal-dual subgradient
algorithms in [22] are devised and then adopted in the opti-
mal dispatch model of virtual power plants [23]. There are
also many publications about distributed optimization based
on ADMM. References [24] and [25] propose a decentralized
method to attain a tie-line scheduling considering uncertain-
ties. The work in [26]–[28] relaxes the OPF into SDP exactly
under some conditions and provides a distributed optimization
method for multi-phase unbalance networks. Different from
existing research work, the method proposed in this paper has
self-healing capability which embodies plug and play options.

The contributions of this paper are threefold. First, dif-
ferent from the traditional voltage control model, a coupled
active-reactive power optimization model based on a hierarchi-
cal control architecture is presented which can implement the
potential benefits of DERs. Meanwhile, the second-order cone
relaxation technique is employed to reformulate the model.
Secondly, a distributed solution method based on ADMM is
developed which merely requires the exchange of local infor-
mation among neighboring control areas. Thirdly, this work
provides a qualitative analysis about the robust performance
of the proposed method through comparison studies between
two modes. The proposed method can accommodate random
communication failures to a certain degree, and hence has bet-
ter self-healing capability. Moreover, the difference between
this work and [16] which represents a part of the contribution
is that the proposed method can adapt to frequent changes
of topological structures and accommodate any number of

Fig. 1. Hierarchical and multi-area control architecture.

devices given that a high-level integration of plug and play
devices into a distribution system.

The remainder of the paper is organized as follows:
Section II introduces hierarchical and multi-area control archi-
tectures. Section III formulates the voltage control as an
optimization problem and convexifies it through the conic
relaxation. Section IV models each fundamental device in
APDS. Section V proposes a decentralized solution method
based on ADMM. The performance of the proposed approach
is demonstrated in Section VI. Conclusions together with
future work are given in Section VII.

II. HIERARCHICAL MULTI-AREA VOLTAGE CONTROL

As massive integrations of DERs and controllable loads into
APDS are considered, it is impractical for control centers to
directly regulate each device in order to attain the global opti-
mum. Thus, a hierarchical and multi-area control framework is
preferably established for voltage control in this situation [29].
The proposed architecture is composed of two key aspects.
First, the original APDS is divided into several layers accord-
ing to the line voltage level. Secondly, each subdivision layer
is further divided into several small-scale regions at the same
voltage level [30]. Under this architecture, as shown in Fig. 1,
voltage control can be implemented by a bi-level program-
ming problem in which the upper-level determines the global
voltage control and the lower-level is in charge of the regional
voltage control.

On the one hand, the upper-level voltage control would pro-
vide a system-wide energy management, in which the decision
variables (e.g., settings of transformer taps and shunt capacitor
banks) remain fixed in a longer time scale (e.g., hourly). Given
that the decision variables are usually discrete in nature, the
upper-level model is a mixed-integer programming problem.
As shown in Fig. 2, once the upper-level decisions are made,
the lower-level voltage control is thereupon implemented. Note
that the lower-level voltage control focuses on a shorter time
scale (e.g., minute). The relevant decision variables include
settings of static Var compensators (SVCs) and DGs’ coupling
inverters, as well as the amount of controllable loads, which
are usually continuously adjustable with better dynamic and
adaptive performances. We assume that the decision variables
in the upper-level model have been determined in some way
and more details are available in [6], [8], [11], and [12]. The
focus of this paper is on the lower-level voltage control since
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Fig. 2. Temporal decomposition and coordination of hierarchical voltage
control.

voltage security in APDS is severely affected by variable DER
outputs in a short time scale.

The lower-level voltage control (abbreviated as voltage con-
trol hereinafter) can be parallelized with a multi-area control
structure. The control area in APDS is defined as a sub-
network with relatively complete topology which can eliminate
regional voltage deviations by introducing measures such as
load transfers and Var compensations. A DG or a controllable
load can be deemed as a smallest control area while feed-
ers, which are interconnected by tie switches, can be seen as
a largest control area. In general, a 10 kV distribution system
can be divided into several control areas according to their
geographic and topology structures: 1) a loop switch or sec-
tionalizing switch defines the bound of the control area; 2) the
area between two sectionalizing switches or between the sec-
tionalizing switch and the end of the line is viewed as a control
area if it has controllable devices.

III. MATHEMATICAL FORMULATION

A. Objective Function

In fact, there exists a complex coupling relationship between
the voltage profile and network losses. If only the network
loss is minimized, it may result in unpredictable deviations
of voltage magnitudes. Thus, in order to evaluate the overall
system conditions comprehensively, both network losses and
nodal voltage deviations are considered.

The total network loss is defined as the sum of individual
branch losses, and formulated as

F1 =
∑

(i,k)∈E

rik × P2
ik + Q2

ik

|Vi|2
(1)

where E is the set of directed branches in APDS; Pik and Qik

are active and reactive power flow in branch (i,k), respectively;
Vi is the voltage magnitude at bus i and rik is the distribution
line resistance.

The accumulated nodal voltage deviations can be defined as

F2 =
∑

i∈B

(
Vi − Vref

i

V̄i − Vi

)2

(2)

where B is the set of terminal buses in APDS; V̄i and Vi
respectively denote upper and lower voltage limits at bus i,
while Vref

i represents the reference value. In addition, if the
voltage magnitude of a critical bus is required to be fixed at
its reference value, the upper and the lower bounds are set at
the same values, thereby leading voltage deviations to zero.

A comprehensive evaluation index F is proposed as the
objective to be minimized [31], and formulated as

F = w1F1/F0
1 + w2F2/F0

2 (3)

where F0
1 and F0

2 are the normalization factors calculated from
historical operation data; w1 and w2 are the predefined non-
negative weights, and w1 + w2 =1.

B. Constraints

The constraints in the optimization model include power
flow equations, and limits on nodal voltage magnitudes and
branch flows.

Conventionally, power flow equations are formulated as
{

Pi = Vi
∑

k∈π(i) Vk(Gik cos θik + Bik sin θik)

Qi = Vi
∑

k∈π(i) Vk(Gik sin θik − Bik cos θik)
, ∀i ∈ B (4)

where Gik and Bik are the real and imaginary parts of the nodal
admittance matrix, respectively; π(i) is the set of neighboring
buses of bus i. Note that (4) is based on bus injections which
can be represented in the branch-flow model [14]:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Pik = ∑
m:(m,i)∈E Pim + rik

P2
ik+Q2

ik

|Vi|2 − Pi

Qik = ∑
m:(m,i)∈E Qim + xik

P2
ik+Q2

ik

|Vi|2 − Qi

|Vk|2 = |Vi|2 − 2(rikPik+xikQik) + (
r2

ik + x2
ik

)P2
ik+Q2

ik

|Vi|2

, ∀(i, k) ∈ E

(5)

where xik denotes the reactance of branch (i,k), and the active
Pi and reactive Qi injections at bus i are given by

√
P2

ik + Q2
ik

|Vi|2
≤ Imax

ik , ∀(i, k) ∈ E (6)

where pg
i and qg

i denote the active and reactive power gener-
ations by the DG at bus i, respectively; pc

i and qc
i represent

active and reactive power consumptions at bus i, respectively;
qSVC

i is the reactive power delivered by SVC at bus i; the reac-
tive power generated by the shunt capacitor bank at bus i is
represented by qsc

i |Vi|2 in which qsc
i is the reactive power gen-

eration at the nominal voltage (i.e., |Vi|=1). Additionally, the
power output of DGs or SVCs cannot violate the respective
upper and lower limits, which could be due to capacity limits
or security considerations. More specifically, the DG power
outputs at bus i conform to:

{
0 ≤ pg

i ≤ p̄g
i

qg
i

≤ qg
i ≤ q̄g

i
, ∀i ∈ B (7)

while the power output of a SVC is constrained by

qSVC
i

≤ qSVC
i ≤ q̄SVC

i , ∀i ∈ B (8)

where qSVC
i

and q̄SVC
i are the lower and upper limits of reactive

power provided by SVC, respectively.
In fact, the nodal voltage magnitude is regulated in order to

maintain the power delivery, and constrained by

Vi ≤ Vi ≤ V̄i, ∀i ∈ B (9)

where the limits are V = (1 − ε)Vref and V̄ = (1 + ε)Vref .
According to [32], ε is usually set to 0.05. Besides, branch
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flows should be within the corresponding thermal limits. In
other words, the line current cannot exceed its maximum:

√
P2

ik + Q2
ik

|Vi|2
≤ Imax

ik , ∀(i, k) ∈ E. (10)

C. Second-Order Cone Relaxation

Now we can form our proposed model for the optimal
voltage control in APDS, which minimizes the objective
function (3) and respecting (5)-(10). However, this model
pertains to a nonconvex programming problem, which is tech-
nically intractable for a global optimal solution with the
fast-increasing number of decision variables resulting from
extensive DER penetrations into APDS. The nonconvex power
flow can be convexified by the SOC relaxation technique [14].

The relaxation performed on the branch-flow-based power
flow equation is shown as follows. At first, two sets of artificial
variables are introduced as

lik = P2
ik + Q2

ik

|Vi|2
, ∀(i, k) ∈ E (11)

vi = V2
i , ∀i ∈ B (12)

Substituting (11) and (12) into (5) yields:
⎧
⎨

⎩

Pik = ∑
m:(i,m)∈E Pim + riklik − Pi

Qik = ∑
m:(i,m)∈E Qim + xiklik − Qi

vk = vk − 2(rikPik+xikQik) + (
r2

ik+x2
ik

)
lik

, ∀(i, k) ∈ E

(13)

Then relaxing (11) into an inequality results in:

lik ≥ P2
ik + Q2

ik

vi
, ∀(i, k) ∈ E (14)

which can be rewritten in the standard form of SOC:
∥∥∥∥∥∥

Pik

Qik

(lik − vi)/2

∥∥∥∥∥∥
2

≤ lik + vi

2
, ∀(i, k) ∈ E (15)

where ‖ · ‖2 is the Frobenius norm.
Such SOC relaxations are exact for most power distribution

systems [15]. Besides, when V2
i is replaced by vi, the accumu-

lated nodal voltage deviations in (2) are further transformed
into the following form for ease of calculation:

F2 =
∑

i∈B

(
vi − vref

i

V̄2
i − V2

i

)2

(16)

where vref = (Vref )2.

IV. NETWORK DECOMPOSITION AND

COMPONENT MODELING

In this section, network decomposition is addressed so as to
solve the proposed SOCP in a decentralized way and provide
the model for each fundamental component in APDS.

Fig. 3. Distributed model for distribution systems.

A. Networked Control Entities

Inspired by the common information model [33], APDS
can be decomposed into components with terminals and then
aggregated into control entities so that APDS can be seen as
a system of networked control entities as shown in Fig. 3. A set
of terminals, which are associated with the same bus, makes
up a junction. Here the terminal represents electric variables
such as complex power and voltage; the component includes
DERs, loads and distribution lines.

A is a finite set of the control entity a. J is a finite set of
decoupled junctions j. T is a finite set of terminals t, which
is partitioned into subsets in terms of the control entity A or
J in terms of junctions. Each element in A and J (i.e., ad and
jd) contains all the associated terminals of cardinality |ad | and
|jd |. The following conditions are always met:

⋃

ad∈A

ad =
⋃

jd∈J

jd = T (17)

⋂

ad∈A

ad =
⋂

jd∈J

jd = ∅ (18)

Each terminal has an associated complex power St and volt-
age magnitude Vt. The set of complex power and voltage
magnitude associated with the control entity a is denoted by
Sa={St |t ∈ a} and Va={Vt |t ∈ a}, respectively. Here, Sa is
a two-dimensional matrix and Va is an one-dimensional array.
The set associated with the junction j is denoted by Sj={St |t∈
j} and Vj={Vt |t∈j}, respectively.

During each period, the network must respect the
Kirchhoff’s law, which satisfies the power balance and voltage
magnitude consistency at each junction. Define the average net
power imbalance S̄t and voltage magnitude residual Ṽt as:

S̄t = 1

|j|
∑

t∈j

St (19)

Ṽt = Vt − 1

|j|
∑

t∈j

Vt = Vt − V̄t (20)

Thus, the optimization model is written as:

(P1) min
∑

a∈A

Fa(Sa, Va) (21a)

s.t. S̄ = 0, Ṽ = 0 (21b)

S ∈ S and V ∈ V (21c)

where S and V are the local constraints of decision variables.
For clarity, subscript t is omitted hereinafter except noted.
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Fig. 4. Distribution line model.

Fig. 5. The P-Q plane of an inverter for WT and PV.

B. Modeling Distribution Line

A distribution line, as shown in Fig. 4, is regarded as a two-
terminal device with two complex power outflows Ṡi and Ṡk.

Żik is the impedance of line between nodes i and k, and repre-
sented by Żik = rik + j · xik. The set of branch-flow equations
is then transformed as (∀(i, k) ∈ E):

Si + Sk = −lik · Zik (22)

vk = vi + lik ∗ ‖Zik‖2
2 + 2Si ∗ ZT

ik (23)

V2
i ≤ vi ≤ V̄2

i , V2
k ≤ vk ≤ V̄2

k (24)

lik ≤ (
Imax
ik

)2 (25)

where Si(k) = [Re(Ṡi(k)), Im(Ṡi(k))] and Zik =
[Re(Żik), Im(Żik)]. More specifically, (22) captures the
power balance along this branch; (23) describes the relation-
ship between the associated terminal voltages; (24) represents
the voltage magnitude limits; and (25) describes the thermal
flow limit.

C. Modeling DERs

Here several representative DERs will be modeled includ-
ing a wind turbine, a PV system, and an electric storage
system (ESS).

1) Wind Turbine and PV System: Considering the inevitable
prediction error of active power generated by a wind turbine
and a PV system, we set the forecast value as the upper limit
of active power P̄DG, while the lower limit PDG is set at zero
for simplicity. Meanwhile, reactive power is always tightly
coupled with and affected by the active power generation [34].
Fig. 5 shows the feasible regions of the power injections from
WT and PV. Let us first look into the doubly-fed induction
wind turbine. To model reactive power constraints, we take
into consideration limits on both stator currents in the steady-
state model. The corresponding upper Q̄WT(i) and lower limits

Q
WT

(i) at bus i are described as

Q̄WT(i) =
√

S2
WT(i) − P2

WT(i) (26)

Q
WT

(i) = Qmin
WT (i) (27)

As for a PV system, the capacity of the inverter and har-
monic distortions mainly determine reactive power. Assume
γ is the maximum power factor considering harmonic dis-
tortions, then the upper Q̄PV(i) and lower Q

PV
(i) limits of

reactive power are described as

Q̄PV(i) = min

(√
S2

PV(i) − P2
PV(i), PPV(i) × tan γ

)
(28)

Q
PV

(i) = −Q̄PV(i) (29)

2) Electric Storage System (ESS): ESS can take the
role of balancing the power generated by DERs, and its
charge/discharge power is optimally calculated at the eco-
nomic dispatch stage. In our model, we consider the ESS
as a negative load whose active power is known and its
reactive power is determined by (26) and (29) [35]. The
plug-in electric vehicles (PEVs) are quite different from tra-
ditional loads as PEVs would consume electricity and may
have the vehicle to grid (V2G) function. In general, a PEV
aggregator would manage PEVs within a certain region [30].
In the proposed hierarchical control structure, DSO would
interact with aggregators rather than the owners of individ-
ual PEVs. Hence, in our model we assume a charging station
is coupled with the inverter. It is regarded as a reactive
power provider (see [36], [37]) whose reactive power is also
constrained by (26) and (29).

The shunt capacitor bank settings are determined at the
economic dispatch stage and qsc

i is assumed constant in the
presented model.

Qsc = qsc
i V2

i (30)

The SVC is continuously adjusted, as it has better dynamic
control performance, with constraints shown in (8) respected.

D. Modeling Loads

In APDS, both fixed and controllable loads are considered.
The DSO’s responsibility is to fully supply fixed loads by
taking advantage of controllable loads so as to maximize the
social welfare. The number of controllable loads (such as ther-
mostatically controlled load) can be very large due to the rapid
development of intelligent residential systems [38]. So it is
important to take advantage of controllable loads in APDS for
voltage control. In the proposed model, the nodal active and
reactive loads represented by PL and QL are determined by:

Pcl ≤ PL ≤ Pcl + Pfl (31)

Qcl ≤ QL ≤ Qcl + Qfl (32)

where Pcl and Qcl are controllable active and reactive loads,
respectively; Pfl and Qfl are fixed active and reactive loads,
respectively.
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Algorithm 1 Parallelized Variable Updating Mechanism
1. Update state variables

(Sk+1
a , Vk+1

a ) := arg min
Sa,Va

(Fa(Sa, Va)+
(ρ/2) ∗ (

∥∥Sa − Sk
a + S̄k

a + uk
a

∥∥2
2 + ∥∥Va − V̄k

a − n̄k−1
a + nk

a

∥∥2
2)) a ∈ A

2. Update dual variables
uk+1

j := ūk
j + S̄k+1

j j ∈ J

nk+1
j := ñk

j + Ṽk+1
j j ∈ J

V. ADMM-BASED SOLUTION METHODOLOGY

A. ADMM Algorithm

ADMM is an algorithm that possesses not only the
decomposability of dual ascent but also the superior con-
vergence properties of Lagrangian multipliers-based methods.
Generally, ADMM solves optimization problems in the fol-
lowing form [39]:

min f (x) + g(z) (33a)

s.t. x − z = 0 (33b)

where x ∈ C and z is an artificial variable with the same
dimension as x; g is the indicator function of C.

Accordingly, (P1) can be rewritten in the ADMM form as:

(P2) min
∑

a∈A

Fa(Sa, Va) +
∑

j∈J

[
gj
(
ηj
)+ hj

(
ζj
)]

(34a)

s.t. S = η, V = ζ (34b)

S ∈ S and V ∈ V (34c)

where gj(ηj) and hj(ζj) are the indicator functions, and artifi-
cial variables η and ζ have the same dimension as S and V,
respectively. The indicator functions are given by

gj
(
ηj
) =

{
0 ηj ∈ {ηj|η̄j = 0

}

+∞ ηj /∈ {ηj|η̄j = 0
} (35)

hj
(
ζj
) =

⎧
⎨

⎩
0 ζj ∈

{
ζj|ζ̃j = 0

}

+∞ ζj /∈
{
ζj|ζ̃j = 0

} (36)

The dual variables are scaled to u = yp/ρ and n = yθ /ρ,
where ρ is the step size. The augmented Lagrangian function
for (P2) can be written as

Lρ =
∑

a∈A

Fa(Sa, Va) +
∑

j∈J

[
gj
(
ηj
)+ hj

(
ζj
)]

+ (ρ/2)
(
‖S − η + u‖2

2 + ‖V − ζ + n‖2
2

)
(37)

The augmented Lagrangian function (37) can be decom-
posed in terms of each entity. The variables are updated at
each iteration by eliminating artificial variables η and ζ , as
illustrated in Algorithm 1.

B. Overall Solution Framework

The proposed ADMM algorithm can converge to a global
optimum. The primal and dual residuals at the k-th iteration
are represented by rk and sk as defined in [39] by

rk =
(

S̄k, Ṽk
)

and sk = ρ
((

Sk − S̄k
)

−
(

Sk−1 − S̄k−1
)
, V̄k − V̄k−1

)

(38)

Fig. 6. Flowchart of optimal voltage control in APDS.

The following criterion is defined for checking convergence:
∥∥∥rk
∥∥∥

2
≤ epri and

∥∥∥sk
∥∥∥

2
≤ edual (39)

where epri and edual are primal and dual tolerances, respec-
tively. Given the network size, the tolerance can be normalized
to the absolute tolerance eabs defined as

eabs = epri/
√|T| = edual/

√|T| (40)

where |T | is the total number of terminals in APDS. The
solution process is illustrated in Fig. 6.

As for the multi-area control architecture, the (k+1)th itera-
tion of the objective function for one entity can be written as
follows:

min F = w1/F0
1

∑

(i,j)

rij × lij + w2/F0
2

∑

i∈B

(
vi − vref

i

V̄2
i − V2

i

)2

+ (ρ/2)

⎛

⎝
∑

(i,j)

∥∥∥Sij − Sk
ij + S̄k

ij + uk
ij

∥∥∥
2

2

+
∑

i∈B

∥∥∥vi − v̄k
i + n̄k−1

i − nk
i

∥∥∥
2

2

)
(41)

s.t.

⎧
⎨

⎩

Eq.(5) − (10)

Eq.(12), (15)

Eq.(22) − (32)

(42)

which is a SOC problem that can be solved by MOSEK
7.0. Note that at each iteration, each entity will exchange the
current primal solution with its neighbors. Then each entity
updates the dual variables and checks whether or not the
convergence criterion is met. If not, the iteration continues.

VI. NUMERICAL RESULTS

In this section, case studies on the modified IEEE 33-bus
and 123-bus test systems are conducted to demonstrate the
proposed voltage control strategy. Numerical experiments are
implemented using MATLAB 2014 on a personal computer
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Fig. 7. Typical daily solar irradiance data.

with an Intel Core (i5, 3.20GHz) and 4GB memory. MOSEK
7.0 [40] is used to solve the SOCP problems, and IPOPT
3.12 [41] is employed to solve the conventional AC OPF
problem.

Given that the PV is the dominant DER in the specified
distribution systems, only variable PVs are considered in the
test cases. Fig. 7 shows the solar irradiation collected on 16th

January 2016 at the University of Queensland [42], which lasts
for about 800 minutes. We randomly select a one-hour period
with one-minute discretization (i.e., [541, 600]) and assume
that all installed PVs (each with a capacity of 150 kVA and
a nominal power factor of 0.95) share the same solar irradi-
ance. Constrained by the high investment cost, a single SVC
with the capacity of [-100, 300] kVar is connected to bus 24 in
the modified IEEE 33-bus system and bus 41 in the modified
IEEE 123-bus system. The weights in the objective function
are set at w1 =w2 =0.5 since the selection of best weights is
not the focus of this work. The pertinent data can be assessed
at http://motor.ece.iit.edu/data/APDS.xls.

A. IEEE 33-Bus Test System

The original system data can be found in [43]. The total
active and reactive loads are 3,635 kW and 2,265 kVar, respec-
tively. Bus 1 with a voltage magnitude of 1.07 p.u. is connected
to the distribution substation. 10 PV systems are installed at
buses 2, 7, 8, 14, 16, 19, 23, 24, 26 and 30.

We apply the proposed voltage control strategy in order to
maintain the bus voltage magnitudes within the pre-specified
range of [0.95, 1.05] over the study period. The proposed
strategy will be employed to prevent voltage violations as vari-
able PV power outputs are utilized. Consider Fig. 8 which
shows the representative voltage magnitude at bus 8 with the
upper limit of 1.05 p.u. maintained during [571, 590] when
the proposed method is applied. Fig. 8 also shows the volt-
age magnitude at bus 8 when no voltage control strategy is
applied. In this case, the voltage magnitude exceeds the upper
limit at [565,594], and this means APDS may suffer voltage
problems resulting from DER variations.

Fig. 9 illustrates the PV power injections into three rep-
resentative buses. The active power outputs of PVs at buses
2 and 24 follow the maximum-power-output mode where no
curtailment would occur; while the active power output at bus
8 is restricted to zero at [571,590]. This is because the volt-
age magnitude at bus 8 would reach its upper limit during
this time interval and any additional PV power injection will
lead to voltage violations. The power factors at all PV systems

Fig. 8. Voltage magnitude at bus 8 in the IEEE 33-bus system.

Fig. 9. Power injections at representative buses in the IEEE 33-bus system.

Fig. 10. Voltage magnitudes at representative buses in the IEEE 123-bus
system.

conform to the nominal value except that at bus 24 which is
connected to a SVC and displays a higher power factor.

B. IEEE 123-Bus Test System

The original system data can be found in [43] with load
data and operating conditions available in [11]. Bus 1 having
a voltage magnitude of 1.0 p.u. connects with the distribution
substation. 10 PV systems are installed at different buses (i.e.,
buses 6, 28, 35, 37, 47, 48, 49, 65, 76 and 104).

Fig. 10 exhibits the voltage magnitudes at four repre-
sentative buses, given that all bus voltages stay within the
pre-specified range of [0.95, 1.05]. The voltage magnitude at
bus 28 is relatively high as the local PV system effectively
reduces the local load and thus abates the voltage drop. In
comparison, bus 41 which carries a higher net load witnesses
a lower voltage magnitude. In Fig. 11, the PV systems are
operated in the maximum-power-output mode and the SVC at
bus 41 produces reactive power following the load changes.
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Fig. 11. Power injections from PV systems in the IEEE 123-bus system.

TABLE I
COMPARISONS BETWEEN TWO MODES

C. Efficiency of the Proposed Algorithm

Appropriately choosing an optimal step size is an important
matter as it has a significant impact on the convergence of the
algorithm proposed. Here, a variable step size scheme [39]
is applied. More specifically, the step size ρ varies at each
iteration, in order to improve the convergence speed as well
as make the convergence performance less dependent on the
initial value. A simple updating scheme is shown as follows:

ρk+1 :=
⎧
⎨

⎩

τρk if
∥∥rk
∥∥

2 > μ
∥∥sk
∥∥

2
ρk/τ if

∥∥sk
∥∥

2 > μ
∥∥rk
∥∥

2
ρk otherwise

(43)

where μ > 1 , τ > 1. Here, set μ = 20 and τ = 2.
Comparisons between the variable step size scheme and the
fixed one are conducted to demonstrate the advantages of the
variable one.

As can be seen in Table I that when the initial value of the
step size is specified to be 10 or 100, the fixed step size scheme
cannot converge to a global optimal solution, but the variable
one is feasible for both test systems. In addition, when the
step size is as small as 0.01, the variable step size scheme can
greatly reduce the number of iterations regardless of 33-bus
system or 123-bus system. Thus, the variable step size scheme
is more robust than the fixed one.

The efficiency of the ADMM-based method is compared
among three distinct network decomposition strategies:

1) Mode A (common case): geographically partition the
network into distinct entities for decentralized optimization.

2) Mode B (extreme case): perform a component-wise parti-
tion where each entity is a single component for decentralized
optimization.

3) Mode C (extreme case): treat the network as a single
entity, which is the same as the centralized optimization.

TABLE II
COMPARISONS OF COMPUTATION TIME FOR IEEE 33-BUS SYSTEM

Fig. 12. Iteration process.

The absolute tolerance is set as 10−4. The initial value of the
step size is set as 0.5. Numerical results for IEEE 33-bus and
123-bus systems are listed in Tables II and III, respectively. All
case studies are run on a single machine. Thus, to get the com-
putation time when the model is implemented in a distributed
manner, the longest time the entity takes is considered as the
average time in each iteration process. Thus, the computation
time does not include the elapsed time for communications
among neighboring entities. Note that the computation time
here is the time the solver consumes.

The close-form solution for each individual component in
Mode B (see http://motor.ece.iit.edu/data/APDS.xls) is derived
to speed up the computation time. In Mode B, the distribu-
tion line model takes more time than any other component and
hence we take the corresponding computation time as the aver-
age time in each iteration process. As shown in Table II, Mode
A has the least iteration number. Furthermore, Mode A offers
more options as the number of APDS components grows.
Fig. 12 shows the iteration process for Mode A in the two
systems. More specifically, the ADMM algorithm converges
in 24 and 71 iterations and consumes 0.334 and 0.923 seconds
for IEEE 33-bus and 123-bus systems, respectively.

As we mainly focus on the convergence performance of the
algorithm, the APDS bandwidth is assumed to be sufficient
for meeting the communication requirements in the proposed
strategy and thus the time latency is ignored. On one hand,
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TABLE III
COMPARISONS OF COMPUTATION TIME FOR IEEE 123-BUS SYSTEM

Table III shows that Mode B takes less time than Mode A for
the 123-bus system. On the other hand, the communication
delays are related to the iteration number. Hence, the time
latency in Mode B will be more obvious in practical power
systems comparing to Mode A and then influence the effi-
ciency. In addition, Mode A allows for an expressive model,
which can incorporate the intricate couplings among storage
devices, loads and renewable energy resources.

D. Robust Performance

Assume that a random malfunction of the local controller at
each junction occurs during the solution process thereby inter-
rupting the broadcasting and gathering processes. We model
the malfunction as a random packet drop. Specifically, each
entity may fail to broadcast the information to (gather the
information from) neighbor control entity with probability ρ.
Here it is assumed that the control entity would use the infor-
mation it got in last iteration if packet drops occur. As shown
in Table IV, both modes can converge to the optimum solution
when facing the random malfunction. More iterations will be
demanded with a higher probability of communication fail-
ure. Comparing to Mode B, the iteration number does not
change remarkably in Mode A regardless of the 33-bus system
or 123-bus system when a malfunction occurs. Thus, Mode
A has a better robust performance. This is mainly because
Mode A needs less amount of information communication and
hence tends to be more robust against the packet drops.

Additionally, the proposed control strategy could be robust
against the frequent changes in the system condition caused by
the use of plug and play devices. For instance, when a group of
PEVs are suddenly integrated into APDS, the corresponding
local controller will detect the power demand of PEVs and
broadcast the information at the next iteration even without
stopping and restarting the solution process.

E. Accuracy of SOC Relaxation

In order to demonstrate the accuracy of SOC relaxation
after attaining the converged solution, the following evaluation
index is defined:

devi =
∥∥∥∥∥lik − P2

ik + Q2
ik

|Vi|2
∥∥∥∥∥∞

(44)

TABLE IV
COMPARISONS OF ROBUST PERFORMANCE

BETWEEN MODE A AND MODE B

Fig. 13. SOC relaxation accuracy.

where devi represents the maximum deviation of the square
of a branch current magnitude. Fig. 13 depicts all the evalu-
ation results where the deviations are smaller than 10−6 and
significantly smaller than the square of the current magnitude.
Thus, the SOC relaxation is deemed exact. Compared with
the conventional AC OPF problem (which requires 2.776 s
in the centralized optimization mode to get a local optimum
for IEEE 123-bus system), the use of SOC relaxation is faster
and can lead to a theoretically global optimum, which is more
desirable by DSO operators.

VII. CONCLUSION

In this work, a new distributed control method is developed
to ensure voltage security in APDS. The original optimization
model is relaxed into a SOC model and a distributed algorithm
based on ADMM is employed to solve the convex problem
which just requires exchanging messages among neighboring
control entities. It is shown that the proposed method is effec-
tive in mitigating the voltage magnitude violations, and has
good convergence and faster solution speed compared with the
traditional centralized mode, as demonstrated by case stud-
ies on IEEE 33-bus and 123-bus systems. Additionally, the
SOC relaxation is also verified to be exact. Comparing to
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the centralized method, the proposed method has three advan-
tages. Firstly, the proposed model can adapt to the increasing
penetration of DERs as it can coordinate a large number of
DERs in a decentralized way based on parallel computation.
Secondly, the proposed method has a good self-healing capa-
bility as it is shown to be robust against the communication
failures. By extension, it is also applicable when the system
condition changes frequently caused by the use of plug and
play devices. Thirdly, the centralized manner may suffer the
risk of leaking the privacy of users. Conversely, the distributed
manner can protect the privacy of users as the control entity in
the proposed model only exchanges limited information with
its neighboring control entities.

The proposed model is based on single-phase (more accu-
rately, positive sequence) networks. However, distribution
networks are commonly unbalanced three-phase ones. The
presented model can be extended to unbalanced three-phase
networks, and this represents our future efforts. We will extend
the presented model to three-phase unbalanced distribution
networks, and study the efficiency of the proposed method
in large-scale distribution systems.

In addition, the area partition strategy is crucial to
the algorithm efficiency. In Section II, two rules are
employed to divide a distribution network into sub-networks
according to the corresponding geographic and topology
structures. We have also carried out several case studies
(see http://motor.ece.iit.edu/data/APDS.xls) to study the effect
of the area partition strategy on the algorithm efficiency. An
index is constructed to evaluate the coupled degree among
control areas. Simulation results show that when a distribution
network is partitioned into a certain number of control areas, if
the coupled degree is high, the number of demanded iterations
will be less. Thus, how to divide a distribution network into
several control entities reasonably is also our research topic.
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